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Abstract

With a view to obtaining further insight into the theoretical understanding of the
problem of coupled harmonic oscillators we carry out the construction of exact
dynamical invariants for momentum- and time-dependent (TD) Hamiltonian
systems in two dimensions. In particular, we investigate the systems

H, = %[(xlp% + ang + ﬁlxlz + ,32x§ +2B3x1x2 + 2003 p1 p2]

Hy = a(pt + p3) + 1B(x] +x3) + f(p1x2 — pax1)
where the parameters «;, 8;, i = 1,2,3, o, 8, f may be TD. While the Lie
algebraic method is employed for the TD forms of H; and H,, the rationalization
method, modified here for the momentum-dependent case, is used for the time-

independent versions of H; and H,. The role and scope of the invariants so
constructed is pointed out.

PACS number: 05.45.-a

1. Introduction

Invariants of a dynamical system, if they exist and become available, can prove [1-3] to be an
asset as far as the theoretical understanding of the system is concerned. The search for these
dynamical invariants for one- and higher-dimensional systems in terms of the methods of their
construction has been [4] going on for a long time now. Also, in recent years, the explicit time
variable dependence of the underlying parameters of the system has suggested another line of
study for these systems [3,5]. It may be mentioned that these studies, dealing mainly with
the construction and use of exact [3] invariants, have only been carried out for a few systems.
A large number of dynamical systems in the literature have been studied using the so-called
approximation or perturbation methods [6,7] and accordingly one deals with the ‘approximate’
invariants or the ‘first integrals’ of motion for the system. Here, however, we shall restrict
ourselves to the study of exact invariants. Furthermore, while the coupled harmonic oscillator

I UGC Research Scientist.

0305-4470/01/469879+14$30.00 © 2001 IOP Publishing Ltd  Printed in the UK 9879


http://stacks.iop.org/ja/34/9879

9880 R S Kaushal and S Gupta

problem in two dimensions offers an example in this general scheme of study, its variants with
reference to the singular coupling terms has again been [3, 5] the subject of research for the last
three decades or so under the heading of generalized Ermakov (or Lewis) systems, particularly
for the time-dependent (TD) cases.

In this paper we focus our attention on the study of two-dimensional systems described
respectively by the Hamiltonians

H, = %(05117% +aapy) + %(/31)612 + Bax3) + Bax1x2 + a3 p1 o (1)
and
1 1
Hy = %(P% +py) + 5’”‘02()512 +x3) + f(p1x2 — paxy) 2)

in which the coupling terms not only involve the dependence on the momenta p; and p, but
the parameters «;, f;, i = 1,2,3,m, @? and f could also be TD. While we carry out the
construction of dynamical invariants for the TD cases of H; and H, specifically using the Lie
algebraic approach [3], the invariants for the time-independent (TID) cases will be obtained
using both rationalization and Lie algebraic methods. As the coupling terms in (1) now depend
on the momenta p; and p,, we modify the existing [2,3] rationalization method for this purpose
in section 2.

With regard to the momentum-dependent coupling in the Hamiltonian, such a situation
is encountered in a variety of physical situations, namely in the description of motion of a
charged particle in a magnetic field [8,9] or in the Bell’s inequality experiments employing [10]
four coupled harmonic oscillators. In fact, in the latter case the Hamiltonian H; of (1) is a
physical realization of the interaction Hamiltonian of the form Hi,, = k(x1x3 + p1p2), where
k = a3 = B; is the coupling constant. A coupling of the form kx,x; is known in a mechanical
context and it has a relation with the energy of two mechanical oscillators (the energy of a
spring connected between two mechanical oscillators, in general, is of the form %k’(x 1 —x2)?
and the same gives rise to the coupling —k’x;x, in the Hamiltonian). On the other hand,
the coupling of the form kp; p,, though unusual in the mechanical context, can appear [9]
in the context of electrical circuits where the charge plays the same role as position and the
current as velocity in mechanical systems. In electrical circuits, however, the coupling kp; p,
is recognized as the mutual inductance term in the Hamiltonian [9, 10],

1 do/\? 1 /1 1 1 do,\?
H=-L, oy et b Q}+-L, 40:
2 dt 2\C, Cy 2 dt

/1 1y, 1 dQi (dQ,
*z(aﬁ)QﬁaQ‘QﬁM(T)(?) ©

which corresponds to a pair of coupled inductance—capacitance (LC) circuits, namely, when
the L, C, and L,C, circuits are coupled through the capacitor Cy,. Furthermore, the coupling
of inductances L; and L, contributes to the mutual inductance M. Moreover, the study of
electrical circuits with time-varying capacitors and inductors, particularly with reference to
their memory property, has become [11] of considerable interest in recent years.

Recall that the nonlocal potentials used in nuclear physics to study the binding energy
of nuclei are also sometimes considered as momentum dependent. Moreover, the interaction
k(x1x2+ p1 p2) performs the same function as a beam splitter does in an optical experiment [10].
Very recently "t Hooft [12] and Blasone et al [13] studied momentum-dependent terms in the
Hamiltonian structure in the context of the so-called holographic principle and in the treatment
of quantum gravity as a dissipative and deterministic system. The study of the Hamiltonian (2)
is needed [14] in a variety of situations. For example, H, of equation (2) is used in the study of
various phenomena at the quantum level, namely to study [15] the quantum motion of a particle
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in a Paul trap, to describe [16] a quantized electromagnetic field in a Fabry—Parot cavity, to
control the atoms [17] by means of laser beams or other electric and magnetic fields [18], etc.

Before proceeding further we briefly outline here the essential steps of the Lie algebraic
method which has been employed [3,5,19] in the past for a variety of dynamical systems. In
this method, one expresses the two-dimensional TD Hamiltonian in the form

H =Y hi(tTi(x1, x2, p1, pa). )

Here h; are the TD coefficients and I'; are the phase space functions which are required to
close the algebra with respect to the Poisson bracket,

[T, T;1=> ChIx )
k

with C{‘j as the structure constants of the Lie algebra. Further, for the two-dimensional case
the Poisson bracket is defined as

0A dB 0A 9B 0JAIB 0A B
[ABl= - - o ©)

dx1 dpy  Op1dxy  Ox2dpa  Opy dx2
For the purposes of closing the algebra through (5) one might need some additional I"; which
can be introduced by setting the corresponding coefficients /;(t) = 0in (4). Since the invariant

1 is also a member of the dynamical algebra, the same can be expressed as

I=Y dn(®Tn(x1, %2, p1, p2) (7)
which also satisfies

d/ al

_= [, H]=0. 8

FrimirT, [ ] (8)

Now using (4) and (7) in (8) and subsequently rationalizing the resultant expression after
using (5), one arrives [3, 19] at a set of first-order, coupled differential equations, namely,

i+ [Zc{;hj(t)]xi =0. ©)
i J

These equations can be solved for A; and their substitution in (7) leads to the required invariant
1.

In section 2, we construct the second invariant for the TID versions of H; and H, (as H;
and H, themselves represent constants of motion of the system concerned). In section 3, we
make use of the Lie algebraic approach to derive at least one invariant for the TD versions of
each H, and H,. In fact, the Lie algebraic approach commands [3] several advantages over
the rationalization method, particularly for the TD systems, not only in terms of the closure
property of the Poisson bracket algebra of phase space functions but also for its straightforward
extension to the corresponding [20,21] quantum system. Finally, concluding remarks are given
in section 4 by highlighting the possible role of these constructed invariants in different physical
situations.

2. Second invariant for momentum-dependent potentials

2.1. General results

While the Lie algebraic approach for the construction of dynamical invariants automatically
takes care of the momentum dependence of the system through the Poisson bracket algebra
of phase space functions, its use, however, becomes complicated at the level of the closure
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property of the algebra for a large number of systems. Therefore, one resorts to using the
conventional rationalization method for this purpose. For a two-dimensional momentum-
dependent Hamiltonian of the form

H = 1(p} + p3) + A(x1, x2) p1 + B(x1, x2) p2 + W(x1, x2). (10)

Dorizzi et al [22] have discussed the construction of the second invariant. Since the system (10)
can easily be identified with (2) but not with (1), we proceed here to investigate a general form
of the momentum-dependent two-dimensional Hamiltonian of the form

H(x1,x2, p1, p2) = (@1 p} +@2p3) + V(x1, X2, p1, p2) (11)
for which Hamilton’s equations of motion can be written as
o 3V o aV
Xy =apr+_— Py=——— (12a)
p 0xy
o aVv o av
Xo=o0py+ — Pr=—— (12b)
ap> dx2
or, in a more compact form these equations of motion can be expressed as
00 o 82
Xi =& =vi+———5§;j (13)
8xj8p,» J
where &, = ;i, i=1,2,and
PVYav 9V 9V
v=—||lat— ) —+ - — (14a)
opy ) 9x1 dp20p1 9x2
2V aVv 2V AV
n=—|lot—)—+ -—. (14b)
8p2 a)Q ap]apz 8.X1

Next, for the second invariant / of the system (11) up to second order in the momenta, we
make an ansatz of the form

I =ap+aié + %aijgiéj (15)

where i, j = 1, 2 and the coefficient functions ag, a; and a;; are functions of x; and x, with
a;j = aj;. The fact that I is an invariant of the system (11) requires

d—I =[I[,H]=0 (16a)

dr = Hl= “
or

aoi& +a; j&&; + aigi +1ai; k&6 + ai; (§;§j + figj) =0 (16b)

which, after using (13) for &; and rationalizing the resultant expression with respect to the
products of &;, yields [3] the following equations:

a;v; =0 an
ao,i+aijvj+gj2—vaj=0 (18)
9x;0p;
a?V 2V
aij+aj;+a ox:0p0 + aix 93 0p0 = (19)
Aijk tAjki t+akij = 0. (20)

Note that while the solution of (20) can be obtained (cf [3], ch 2) immediately as

ay = %clxg + Crxy +C3 ay = %Clx% + Cc4X1 + C5 (21)
1
ap = —E(Clxl)Cz + CoX1 + CcqXy — 2¢6)
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where ¢;, i = 1,...,6, are arbitrary constants of integration, the expanded versions of
equations (17)—(19) are given by
av; +avy; =0 (22)
day 3%V 3%V
— +ap vy +apnpvy+a; +a = (2361)
0x1 dx10p; 0x10p2
990 | oror +amvs Y vy 0V (23b)
—_— aylv day v a a =
™ 2101 +anv; 18x28p1 28x28p2
0 3%V %V
oy ap +ay; =0 (24a)
0xq 0x10p) 0x10p2
day 3%V 0%V
— +a» +dapn =0 (24b)
Xy 0x,0p> 0x20p1
d 9 2V 2V 2V %V
%% 4, +an +ap + =0. (24c)
0xy  0x 0x20p1 dx10p; 0x20py  0x10py

Now we look for the solutions of equations (22)—(24c¢) for a given potential V. As a matter
of fact these equations represent an overdetermined system of equations to find the coefficient
functions ag, a;, a;. What we shall give below are some sort of constraining relations to be
satisfied by the given potential. For simplicity we assume, in accordance with (22), that the
coefficient functions a; and a, are given by

a) = v a) = —Vj. (25)
This immediately leads to three constraining relations from equations (24a)—(24c), namely

0 3%V %V

ﬂ +dj; + djy =0 (26)

dxq 0x10py 0x10p2

vy a2V a2V

— — dan) —dan = (27)

Xy 0x,0p2 0x20p1

d 0 3%V a2V 3%V a2V

ﬂ—ﬂ+a“ +an +ap\ ———+ — =0 (28)

0xy  0xy 0x20p] dx10p; dx20py  0x10py

which are termed [3] as ‘potential’ equations in the sense that their solutions would directly
provide the potential function V (xi, x5, p1, p2) that admit the second-order invariant (15).
Also, these relations can be used to determine the arbitrary ¢; constants appearing in (21).
Thus, the coefficient functions a;; and a; are given by equations (21) and (25), ay from (23a)
and (23b) and finally using these results the invariant / can be derived immediately from (15)
for the system (11).

It may be mentioned that the potential equations (26)—(28) are obtained after using the
assumption (25) for the solution of (22). This setting, however, does not always work,
particularly when the functions v; and v, depend on the momenta p; and p, (cf system H, of
equation (2)). In that case one has to rationalize all six equations (22)—(24c) to determine not
only the unknown ¢; appearing in equation (21) but also the remaining coefficient functions
ap, a> and ag.

In what follows we apply these general results to some specific forms of V (xy, x2, p1, p2),
particularly the ones appearing in the systems H; and H,.

2.2. Applications

In order to demonstrate the applications of the general prescription of section 2.1, we consider
here the potential functions appearing in systems (1) and (2).
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Case I. Corresponding to system (1) consider the momentum-dependent potential

V(x1, x2, pro p2) = 5(Bixt + fax; +2B3x1x2) + a3 i pa. (29)
For this simple case, v; and v, can be obtained from (14) as

v = —[(a1 81 + a3 B3)x1 + (183 + a3 82)x2] (30)

vy = —[(@283 + a3 B1)x1 + (2282 + a3 83) x2].

Use of (30) and (21) in the potential equations (26)—(28) immediately yields the constraining
relations

aB3+azf; =0 (la)
aifs+azfr =0 (31b)
aify =afr =apBfy (say) (3le)

on the potential parameters in (29). In fact only two of these conditions are independent.
In the mechanical context, here we shall consider the case when the masses of the coupled
oscillators are proportional to the squares of the corresponding frequencies as dictated by
the condition (31¢). On the other hand, in the electrical context (cf Hamiltonian (3)) this
condition is tantamount to the fact that the frequencies are inversely proportional to the
respective inductances. These restrictions give rise to the forms of v; and v, from (30) as
v = —Apxy, v, = —Agxy with Ay = apBo + @3B3. Furthermore, after using these results
equations (23a) and (23b) can be integrated to yield a unique expression for ag(x, x2), namely

ag(x1, x2) = Ag($c3x] + Lesx3 + coxix2) (32)
and it will also set simultaneously ¢, = ¢4 = 0. Thus, for other coefficient functions we obtain
a; = —Aogxa ar» = Apxy ay = %clxg +c3 (33)
dy = %clxlz +Cs app = —%(Clxle — 2¢6).
Finally, the invariant / can be obtained from (15) as
I = Ao[%c3x12 + %Csxf +CeX1X2 + 2X 1 P2 — @1 p1X2 + @3 (prx1 — paxa)]
+1c1[onx) py — oy prxa + a3(pixy — pax2) + ez p1 + a3 pa)’
2
+es(aapr + a3 p1)7] + csar p1 + a3 p2) (a2 p2 + a3 p1) (34)

where & = )(21 =o;pi+asprand & = ;2 = o py + a3 pp are used from equations (12).

Note that for the TID version of system (1) it is also possible to derive an invariant in a
heuristic manner, i.e. without going through the formal procedure of section 2.1. In fact it can
be seen that for the system (1), Hamilton’s equations of motion turn out to be

o 8H1 o 8H1

Xp=_—=ap+azps P =—— = —(B1x1 + B3x2) (35)
8p1 8x1

o 8H1 o 8H1

Xy = — =Py +a3p| Py = —— = —(Bax2 + B3x1). (36)
ap> dx;

These equations can be expressed as

X1 = —(@1f1 +@sBa)x — (@1 3+ @362)x2 37)
X, = — (B3 + a3Br)x1 — (2B + a363)x2. (38)

Now, after multiplying equation (38) by )%1 and (37) by ;2 and adding the resultant equations
we arrive at

o oo oo © o

o
XXz + XXy = —[(283 + a3 Br)X1x1 + (2282 + a3 B3)x 1 X2

+(a1 B1 + a3 Ba)x1X2 + (1 B3 + @3 B2) X2 2], (39)
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For the case when o181 = a8, = oo (say), expression (39) can be immediately integrated
to yield the invariant of the system (1) in the form

I = (a1p1 +a3p2)(oapr+azpr) + 3[(@2fBs + azfi)x]

+a1 B3 + a3 2)x; + 2(ctofo + 3 f3)X1x2] (40)

where ;1 = a1 p| +a3p2, 522 = apps + a3p; is used. Note that while both the forms (34)
and (40) of the invariant / conform to the requirement (16a), the form (40) is independent
of any arbitrary constant such as cy, ¢3, ¢5 or cg. Moreover, the form (40) exists with one
restriction on the potential parameters only, namely «;8; = a,8,, whereas for the existence
of (34) we have two restrictions (cf equations (31)). For the integrability of the TID two-
dimensional system (1) one expects the existence of one more invariant (say, equation (34))
besides the Hamiltonian (1). The existence of the additional invariant (40) also for the same
system (1), however, indicates the superintegrability [2, 3] of the system (1).

Case II.  After identifying o = (1/m), B = mw?, the potential function of system (2) can be
written as

V(x1,x2, p1, p2) = 3B} +x3) + f(prxa — paxa) (41)
and for this case note from (8) that v; and v,, namely
v = —a(Bx1 — fp2) vy = —a(Bxa+ fp1) (42)

turn out to be momentum-dependent functions in contrast to assumption (25). Therefore,
the construction of the invariant using the rationalization method in this case becomes rather
involved. For system (2), when it is partitioned in the form

Hy, = H" + H{ (43)
where
HyY = Ya(p? + p) + 1B(F +x3) HY = f(pix2 — pax1) (44)

one can note that each Hz(l) and Hz(z), separately, are the constants of motion of the system

since Hz(l) represents the Hamiltonian for a pair of decoupled oscillators and Hz(z) is the
third component of the angular momentum. However, we shall carry out some nontrivial
constructions for this case in the next section using the Lie algebraic method.

3. Time-dependent invariants

Here, using the Lie algebraic approach outlined in section 1, we derive the invariants for the
case when the parameters in systems (1) and (2) are TD.
3.1. Invariant for H;

In order to express H; of (1) in the form (4) we make the following identifications for the phase
space functions I'; and the coefficient functions #;:

T =1ip Th=1p; T3 = pips

r 1.2 12 (45a)
4 = ixl Fs = 7)(2 FG = X1X2

hy = o (t hy = s (t hs = a3(t
I 1(1) 2 2(1) 3 3(1) 45b)

hy = B1(2) hs = Ba(2) he = B3(1).
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Further note that the closure of the dynamical algebra requires four more I'; in this case,
namely I'; = pixy; I's = pixz; 9 = paxz, o = pox; with the corresponding 4; as
h7 = hg = hg = h1p = 0. Also, the nonvanishing Poisson brackets in (8) computed using (6),
now turn out to be

[T, T4 =—-T7 [['y, Tg]l = —T% [y, T'7] = —2I'y

[Ty, Tl = —T3 [[, I's] = —TY [[, Te]l = —To

[[2, Tg] = —T'3 [, To] = —2I" [['3,T4] =Ty
[[3,T's] =T} [[3,T6] = —I'7 =Ty

[[3,T7] =—TI'3 [[3, I'g] = —2I'y [['3, 9] = —TI'3

[['3, o] = —2IN, [[4, 7] = 2Ty (46)
[[4, I'g] =T [['s, T'o] = 2T's [['s, 0] =T

[[s, 7] =T [[s, I's] = 2T's

[[s, I'o] =T [T, I'1o] = 20"y [['7, ] =T}

[['7, Tl = =To [[s, 9] =Tg

[[g, ol =07 Ty [Ty, ol = Mo

Substitution of these results in (8) and the subsequent rationalization of the resultant expression
with respect to I'; yield the following set of differential equations for A;:

A= —20 A7 — 2a3Ag (47a)
a = —202h0 — 203210 (47b)
)3 = —ashs — aahg — azho — @ik 47c)
Ja = 21k +2Bshig (47d)
As = 23k +2f2hs (“7e)
26 = Bshs + Bikg + Bsko + ko (C))
3 = Bihi + Bsks — aihy — a3k (47g)
38 = Baki + Poks — azhs — aihg (47h)
39 = Baka + ks — azhe — a2ls (471)
310 = Bsha + Biks — ashy — aake. (47))

As such the general solution of these ten coupled differential equations is a difficult task.
Therefore, we resort to particular solutions of these differential equations and demonstrate
the computation of the invariant for the case of equal mass and equal frequency, namely
o] = oy =, B = B = B. Further, we make an ansatz

=g = —29(0) (484)

leadingtor; = —2v+cy, Ay = —2¥+c;. These choices immediately convert equations (47a)—
(47¢) to the forms

a(A7 — Ag) +ag(rg —Ayp) =0
Ag+ Ao = 26[3 W +6[)O\3

A+ Ao = 2 10 —0_13)0\3
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Su= <ﬂ . O;_T) (A7 — Ao) + 2 (Baies — B@) + (@Bs — @3B)is
° apf; o - - _ 0
As = — (,3 + a_3> (A7 = 29) + 2 ¥ (B3a3 — Pa) + (aB3 — @3 P) A3

where @ = a/(a — a?); @& = a3/(¢3 — «?). An inspection of these results allows us to

assume )[13 = 0, i.e. A3 = constant c3 (say) and A; = Ag for simplicity. This implies a lot
of simplification in the determination of the remaining A’s from equations (47 f)—(47j). In
particular, one immediately obtains

ra =25 =2Y (B3 — Ba) (48b)
leading to

)»4=O'1(l‘)+C4 As =0‘1([)+C5 )»620'2(1‘)+C6 (48C)

M=A=—ay¥ Ag=Ap =03y (48d)
where

o1(t) = 2/ VY (Bzaz — Ba) dt o (t) = 2/ Y (Baz — Bza) dt (48e)
and¢; (i =1, 2,...,6) are the constants of integration. In this way all ten A; are determined.

Further we set ¢; = ¢, = ¢4 = ¢5 = ¢¢ = 0, and use these results for A; in (7) to obtain the
final form of the invariant I, namely

I'=—y@0)(pi +p3) + 501 (x] +X3) + cap1 pa + 02(1)x1X3

—@ Y (p1x1 + paxa) + @ Y (prxa + pax) (49)
for the system

Hy = 3a(1)(p] + p3) + 3 BO)(x] +x3) +a3(1) p1 p2 + B3(1)x1x2. (50)

Here, ¥ (¢) satisfies the constraining relations

00

o o
a3y +a3 Yy = =283% + Bc; — az301 — o

00

o o (51)
C_lw +a w = 2,31// — ,336‘3 + oo + 0307.

3.2. Invariant for H,

To obtain the TD invariant for system (2), we make the following I'; and A; identifications:

h= %p% = %p% Ps= %xlz (52a)
'y = %x% ['s = pix2 s = paxi
h = h = t h = h = t

| 2 =al(t) 3 4= B@) (52b)

hs = —he = f(t) with () =1/m B(1) = mo?’.
The additional I'; needed to close the algebra are

I'7 = pip2 I's = p1x Lo = paxz o = x1x2 (53)
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with h7; = hg = hg = hj9p = 0. The number of nonvanishing Poisson brackets, in this case,
turns out to be the same as for H; in section 3.1, namely

[, 3] =—T% ([, el = —T'7 [y, Tg] = —2I'y [T, Tl = —Ts
[[2, 4] = —T ([, I's] = —TI'7 [, To] = —2I" [, Tl = —T6
[[5, 5] =T (3, 7] =T [[3, T'g] = 213 [[4, Te]l =T1o
[[4, 7] =T [[4, o] =20y [['s,Tg] = —T9+ T

[[s, 7] =2I' [[s,T'g] = —T's [[s5,T9] =T [[s, Tyl = —2T'4
[T, I'7] =217, s, gl =T [[s, To]l = —T's [T, o] = —2T73
[['7,Tg] =—TI'7 (7, To] = —I'7 [['7,T0] = =I's = I'g

[[s, ol = =T19 [To, T'io]l = =T'1o

(54)

As before, the substitution of these results in (8) for system (52) yields the following set of ten
differential equations, namely

Ja = 2fhy — 2akg (55a)
b= =27 — 2k (55b)
Ja = 2Bk +2f Ao (55¢)
ha = 2o — 2 f g (55d)
ds = Bhr— fhg+ fho — ahig (55e)
26 = Bhy — fhg+ fho —adg (55f)
i7=—fkl+fxz—aks—axé (552)
h = BA1 —akz+ fAs+ fhs (55h)
3o = Bra — ahs — fhs — fhe (55i)
Mo = —fhs + fha+ Bhs + Bhs. (55))

Asbefore, we look for the particular solutions of these coupled differential equations by making
suitable choices for some of the A;. It can be seen that equations (55¢) and (55 f) are identical,
immediately leading to

As =1(t) +cs Ae =1(1) + 6 (56)

where ¢s5 and ¢¢ are the constants of integration and As = 516 = 73 (say). Further note from
equations (55a)—(55d) and (55g)—(55) that

M+ o = —20(kg + o) (57a)
2+ ha = 20 (kg + ho) (57b)
Js+ 9 = B0 +42) — a(hs + Ag) (57¢)
im+§%=f§@dﬁdﬁ+ﬂ—m+hl (57d)

In view of equations (57¢) and (57d) we discuss the following two cases in terms of the ansatz
for A;:

Case 1: Let
A=Ay =Y (1) A3 = Ay = p(1)
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then other A; can immediately be obtained as

A = =201 —alcs + cg)t + ¢y
Ag =O’4—05+20'6+(C5+C6)G7+Cg
Ay = 04 — 05 — 20'6 — (6‘5 +C6)07 + C9

Ao = 205 + 03(c5 + C6) + C1o

where ¢; are the constants of integration and o; are the time integrals given by

61(t)=/0“7dl Gz(t)=fﬁndt a3<r>=fﬁdz 04(t)=/ﬁ1/fdt

(58a)
@(t):/apdt aﬁ(t):/fr/dt 07(t):/fdt.
with a constraining relation
ap+B Y = 0. (58b)
In this case a lot of simplification can be achieved if one assumes 1(¢) = 0 and ¢ = —cs.

This will lead to 0] = 0p = 0g = 0, A = C7, )\.1() = (10, )\.g =0+ cg, )\9 =0+ C9 with
0 =04 — 05 = f (BY — ap) dt, and finally to the invariant (7) in the form

I =39(pi+p3) +3p(X] +X3) + 6 (p1X1 + paxa) + ¢s(p1xa — paxy)
+C7p1 P2+ CgP1X1 + CoPaXn + C1oX1 X2 (59)

for the system (2).

Case II.  If we set
Al =—Ay = @(1) A3 = —Aig = x () Ay = —Ag = &(1) (60a)

in equations (57), then one can obtain the invariant without time integrals of the type (58a).
In this case other A; from (55g)—(55) turn out to be

A= (<;> +208)/2f = a(t) (say) ho = (X —2BE)/2f =b(t) (say) (60D)
the invariant can be obtained immediately from (7) as

I=1¢(p; — p3) + 1x(x] —x3) + n(p1x2 + pax1) + cs(p1x2 — paxy)

+a(t) prp2 +§(p1x1 — pax2) + b(t)x1x2 (61)
for the system (2) with the following constraining relations (cf equation (55¢)):
= pa(t) —2f& —ab(r) a=-2(f¢+an) b==2(fx—Bn). (62)

It may be remarked that for a suitable ansatz for A; this class of Hamiltonian systems along
with the invariant (61) (or for that matter (59)) may constitute [23] the real and imaginary parts
of a complex Hamiltonian in the spirit of the analyticity property of the latter.

To demonstrate the viability of the Lie algebraic method for a rather simpler TID version
of H,,we rewrite equations (55a)—(55d) as

fer—acg =0 (63a)
fer+acog =0 (63b)
Beg+ fcio=0 (63¢c)

Bcog — fcro=0 (63d)
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rewrite equations (55¢) and (55 f) as

flco —cg) —acip+Pc; =0 (63¢)
and (55g)—(55j) as

f(=c1+c) —ales+cs) =0 (63f)

Blcr+ca) —alez+cs) =0 (63g)

f(=c3+cy) +Blcs+cs) =0 (63h)
where A, (¢) in (55) are now replaced by constants ¢,,, m = 1, ..., 10, thereby reducing (8) to
the form ?j—f = [1, H] = 0. The solution of equations (63a)—(63d) can be written immediately

in terms of a constant k; as

g = —c9 = ki 7 =aki/f clo = —Bki/f (64)

with a constraint
fP=ap. (65)
With regard to the solution of equations (63e)—(63/4) two cases in terms of the setting
of the constants ¢;, i = 1, ..., 6, are possible. In the first case, if we set c; = ¢, = ko,
¢s = —cg = k3 which implies c3 = ¢4 = (Bk, /), then the invariant from (7), after using (52)

and (53), turns out to be

1 B
I ==k [P% +pl+ a(xlz +X§)i| + k3 (pi1x2 — paxi)

2
1
+ki | prx1 — paxa + ?(Olplpz — Bxixa2) | . (66)
On the other hand, setting c; = —c, = ks4; 3 = —c4 = §k4, cg = —za—fk4 — ¢s along with the
results (64) yields the invariant (7) in the form

B

1 4f
I= §k4 [P% —p3+ ;(—Xlz +x3) — 7P2x1} +cs(pixa — paxi)

1
+k |:p1x1 — paxa + ?(Olplpz - ﬂxlxz)i| 67)

for the TID system (2). Note that each of the forms (66) and (67) of the TID invariant involves
three arbitrary constants and the same exist with the common constraint (65) on the potential
parameters. In other words, the invariant for the system H, exists in the resonance region
particularly when equation (65) expressed as f = ? holds for the resonance since f is
analogous to the forcing frequency and w is the natural frequency.

4. Concluding discussion

After having investigated a more complicated class of Ermakov systems in three dimensions
in [19], in this work we have once again exploited the rationalization and dynamical algebraic
methods for the construction of exact invariants for the somewhat simpler two-dimensional
coupled oscillator problem. As a matter of fact the systems ignored in the previous [19]
work, particularly the ones involving both coordinate- and momentum-dependent couplings
are investigated here with a possible generalization of the rationalization method to this effect.
This is done to highlight the viability of these methods mainly for the case of momentum-
dependent systems whose study in recent years has become desirable from the point of view
of practical applications of these constructs in different contexts [9-14].
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As pointed out in section 1, firstly the existence of an invariant for a dynamical system is
questionable. If the invariant exists, then its construction, in general, is a difficult task. Once
it is constructed and becomes available then not only its physical interpretation(s) but also
its viability with regard to a better theoretical understanding of a given phenomenon is often
a problem. In spite of all this, the availability of a few or all [4] invariants for a dynamical
system definitely offers [3,24] insight into the finer details as far as an understanding of the
phenomenon is concerned. Often the applications of these constructs in different branches of
theoretical science (see, e.g., [3] ch 7) are carried out on the basis of structural analogy [24]
and at times by incorporating additional assumptions in the model concerned. With regard
to the role of the constructs obtained in sections 2 and 3 in the study of coupled oscillator
systems (1) and (2) the following remarks are in order:

(1) Itmay be noted that within the framework of the Lie algebraic approach, since the invariants
are basically the superposition of a certain class of phase space functions (cf equation (7)),
they can also offer alternative versions of the given Hamiltonian describing the same
system but in totality. However, in these new equivalent forms of the Hamiltonian
the individual terms may have different physical meanings from the point of view of
couplings. Moreover, the standard structure of the Hamiltonian as ‘the sum of kinetic
and potential energy terms’ often gets disturbed in these alternative versions but at the
cost of a, perhaps simplified (!), description of the system with regard to its evolution in
time. From this point of view the construction (61) (or for that matter (67)) for system (2)
can be considered [25] as the Hamiltonian corresponding to indefinite kinetic energy and
studied in the context of plasma physics. In fact, it has been argued [25] in the literature
that only those two-dimensional Hamiltonians which deal with separable potentials give
rise to positive definite kinetic energies. Clearly, H, of equation (2) is not such a choice.
While our future studies will reveal more on this front, it appears now that certain features
of the equations of motion (like linearity or nonlinearity) are retained when using the Lie
algebraic approach through the closure property of the algebra. This, however, may not
be the case in using the rationalization method, which otherwise appears to be more sound
but considerably involved for the construction of dynamical invariants.

(2) Incoupled mechanical oscillator problems, the transfer of energy from one oscillator to the
other is attributed mainly to the x;x,-coupling term in the Hamiltonian. In the description
using equivalent versions (invariants) these features might manifest through some other
terms—maybe through the momentum-dependent ones. In the context of electrical circuits
the role of invariant(s) can manifest through ‘equivalent’ circuit diagrams for which the
analysis perhaps becomes easier (!). For example, the capacitor coupling in one case may
become [9, 11] the inductor coupling in another case or vice versa, thereby suggesting the
design of equivalent circuits for the same purpose.

(3) It is well known [26] that Bell’s-inequality experiments are performed using harmonic
oscillators since the photons, acting as oscillators, are excitations of modes of the
underlying electromagnetic field. In particular, four harmonic oscillators having pairwise
coupling at a time are considered to allow the exchange of energy leading to the preparation
of a pair initially in an entangled state. Note that the TID versions of the invariant
(cf equations (34) or (40)) particularly for system (1) could be of immediate concern in
the analysis [10] of these experiments with a suitable choice of the arbitrary constants and
couplings.

(4) Although TD systems now appear in different branches of mathematical sciences it may
be of interest to investigate the role of the TD constructs of section 2 in the areas of lumped
electrical circuits [11] and femtochemistry [27].
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